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Abstract—MIMO radar receivers need to reliably separate
waveforms originating from different transmitters while suppressing interference for effective operation. In order to achieve
this goal, mismatched filters may be employed at the receivers. By
using mismatched filters, it is possible to reduce the power of the
interference while strictly controlling the autocorrelation sidelobe
and peak cross-correlation levels of the received waveforms.
In this paper, we propose a mismatched filter design method
that minimizes interference and jamming power at the filter
output while the peak sidelobe and cross-correlation levels
for all Doppler frequencies are constrained to desired values.
The proposed design method is formulated as an optimization
problem employing sum-of-squares representation of nonnegative polynomials and solved using semidefinite relaxation. It is
demonstrated that good interference suppression performance is
achieved even when using an estimated covariance matrix.
Index Terms—MIMO radar, filter design, mismatched filter,
interference suppression, jamming, convex optimization, semidefinite relaxation, polynomial constraints

I. I NTRODUCTION

M

IMO radar is a radar concept in which multiple transmitters transmit different waveforms simultaneously.
The MIMO radar system can be either distributed or colocated. In the distributed MIMO radar, the transmitters and the
receivers are spatially distributed over a wide area [1]. In the
colocated case, the transmitters and receivers are at the same
location, respectively [2].
We consider the filter design for receiving waveforms
with slow-time coding [3]. Unlike for fast-time coding, the
Doppler frequency cannot be typically assumed to be zero for
waveforms using slow-time coding. Optimal operation of the
MIMO radar requires that the waveforms can be separated
at the receiver end, which would typically require that the
transmitted waveforms are orthogonal. However, it is not
possible to have waveforms that are orthogonal for all time
delays and Doppler shifts [4]. It is nevertheless possible to
improve the cross-correlation properties of the waveforms by
using mismatched filters at the receiver. The mismatched filter
design proposed in this paper can be applied to both colocated
and distributed MIMO radar configurations as well as in
conventional radars for sidelobe reduction and interference
mitigation.
In order to obtain waveforms that would be as close to
orthogonal as possible, optimization of transmitted waveforms
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for MIMO radar has been studied in the past. Simulated
annealing and iterative code selection were combined to search
for orthogonal polyphase codes in [5]. Similar approach using
genetic algorithm was used in [6]. Tabu search algorithm was
used in [7] and the cross-entropy method in [8]. The Doppler
effect was not considered in the optimization of the codes in
any of these papers. In [6] and [8], the Doppler properties
of the obtained codes was checked only for a zero delay.
Despite numerous optimization approaches, the optimized
transmit waveforms remain far from orthogonal. Consequently,
optimization of also the receiver end is appealing.
Improving the orthogonality of the waveforms at the receiver is possible using mismatched filters [9]. In mismatched
filtering, the received signal is correlated with a modified version of the transmitted waveform instead of an exact copy. It
is known that the matched filter that correlates the transmitted
waveform with itself maximizes the SNR in additive white
Gaussian noise, but the peak autocorrelation sidelobe is fixed
for a matched filter. Mismatched filters have been traditionally
used in radars to reduce the sidelobes at the cost of a reduced
SNR [9].
Previously, clutter rejection with mismatched filtering for
binary sequences has been proposed in [10]. Mismatched
filter with Pareto-optimal integrated sidelobe and the peak
sidelobe levels was developed in [11]. Mismatched filterbank
design for MIMO radars was considered in [12] for limiting
the peak autocorrelation sidelobe and cross-correlation levels. Interference and jamming power was minimized in [13]
while maintaining desired autocorrelation sidelobe and crosscorrelation levels. However, Doppler shift was assumed to be
zero in these studies. With slow-time coding, moving targets
have nonzero Doppler frequencies. Hence, taking the Doppler
shift into account is crucial as even a small Doppler shift can
result in a large sidelobe in a otherwise good autocorrelation
function.
A filter design method minimizing the integrated sidelobe
level also for nonzero Doppler have been proposed in [14].
However, that method cannot constrain the peak sidelobe level
for nonzero Doppler shifts. In this paper, we develop a mismatched filter design method that minimizes the interference
and noise power at the filter output while maintaining desired
peak sidelobe and cross-correlation levels over all Doppler
frequencies.
The proposed filter design method is based on sum-ofsquares representation of nonnegative polynomials. This allows for a conversion of the constraints with continuous
Doppler frequency into positive-semidefinite (PSD) matrix
constraints [15]. The sum-of-squares representation has been
previously used in radar waveform design for optimizing the
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worst case SNR with respect to the received Doppler [16].
However, it has not been used before to limit the peak sidelobe
and cross-correlation levels.
In order to get a convex optimization problem, we also apply
semidefinite relaxation (SDR) [17]. The solution of the SDR
problem is a matrix from which the filter coefficients have to
be extracted. If the solution is a rank-one matrix, factorization
of the solution yields a filter vector that is a globally optimal
solution of the original problem. Otherwise, randomization
methods [17] can be used to find the actual filter coefficients.
The drawback of the randomization is that even though the
SNR loss can be scaled to desired value, the sidelobe and
cross-correlation constraints cannot be guaranteed to be satisfied. However, as the generation of the approximate solutions
is very simple, good results can be achieved by generating a
large number of the randomized solutions, see [17] for further
details on the randomization method.
As the computational complexity of the SDR problem can
be high, we also propose a discretized filter design method
that can be formulated as a convex quadratically constrained
problem (QCP). Solutions to this problem can be found with
significantly reduced computational complexity. It will be
shown in the examples that a mismatched filter designed with
the proposed method can provide a significant gain in SINR
compared to the matched filter while maintaining the desired
low sidelobe and cross-correlation levels.
The proposed method of minimizing the interference and
noise power requires the interference plus noise covariance
matrix to be known or reliably estimated. If there is no
auxiliary channel for noise and interference measurements or
if the transmitter cannot be turned off while the covariance
matrix is estimated, the estimates will also contain a desired
signal component. We formulate the filter optimization problem so that the signal loss within the Doppler bin can be
constrained to a desired level. In the numerical examples,
it is demonstrated that the amount of samples used in the
filtering is also sufficient to estimate the covariance matrix for
efficient interference suppression. Furthermore, it is possible to
use regularized estimators [18], [19] of the covariance matrix
when the sample support is small or the interference is nonGaussian.
This paper is organized as follows: The basic principles of
mismatched filter design are described in Section II. Section
III introduces the proposed semidefinite relaxation of the
mismatched filter design problem. This section also contains
a brief introduction to sum-of-squares presentation of polynomials citing the results of [15]. The computational complexity
of the SDR method is high, so in Section IV, we propose a
approximate filter design method with reduced computational
complexity. Section V contains a short discussion on making
the trade-off between interference attenuation and the sidelobe
and the cross-correlation levels. Numerical results are provided
in Section VI. Finally, the concluding remarks are presented
in Section VII.
II. F ILTER D ESIGN P RINCIPLE
The objective of the mismatched filter design proposed here
is a filter that minimizes the output noise plus interference

power while maintaining unit gain for the signal of interest. We
assume that the transmit waveforms are known at the receiver.
The optimization of the filter coefficients of a MIMO radar
system can be done centrally or in a distributed manner in
each receiver.
A. Mismatched Filtering
We consider designing the filter coefficients for receiving
one of the several transmitted waveforms. The process can
then be repeated for all the employed MIMO radar waveforms
to form a filterbank with multiple filters. The design method
can be applied to both distributed and colocated MIMO radar
configurations.
The filter that is to be designed has L coefficients. An L ×
1 vector containing these coefficients is denoted by w. We
assume that the waveforms consist of N symbols and that the
symbols of the waveform number k are {sk,1 , sk,2 . . . sk,N }.
Define the nth element of a L × 1 waveform vector as
(

sk,n+m , 1 ≤ n + m ≤ N
sk (m) n =
(1)
0,
otherwise
where m is the propagation delay of the received waveform,
so the vector sk (m) contains some (or all) of the symbols
depending on the delay. Without loss of generality, sk can be
normalized such that
ksk (0)k = 1.

(2)

With the narrowband assumption, the received waveform
can be written as [16]
ak sk (m)

φ(f ) + ν,

(3)

where ak is a complex amplitude parameter that takes into
account propagation effects and scattering, denotes elementwise multiplication, φ is a Doppler phase vector, f is the normalized Doppler frequency, and ν is a vector of random noise
and interference. The Doppler phase vector is a Vandermonde
vector defined as


φ(f ) = 1 e−j2πf . . . e−j2π(L−1)f ,
(4)
where j is the imaginary unit. Additionally, let
uk (m, f ) = sk (m)

φ(f )

(5)

in order to simplify the notation.
For receiving the signal in the Doppler bin with a frequency
fb , the filter design minimizing the interference and noise
power at the filter output can be written as a optimization
problem [20]
min wH Rν w
w

s.t wH uk (0, fb ) = 1,

(6a)
(6b)

where Rν is the interference plus noise covariance matrix.
The solution to this problem,
w=

R−1
ν u(0, fb )
,
H
u (0, fb )R−1
ν u(0, fb )

(7)
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is the well-known MVDR beamformer [21], [22]. However,
this design has the drawback that the cross-correlation and
autocorrelation sidelobes cannot be controlled so that tolerable
levels could be guaranteed. Therefore, additional constraints
are required leading to an improved formulation for the filter
design problem.
The peak sidelobe and the peak cross-correlation are defined
for the kth waveform as
2

|f − fb | ≥ δ0m fw

(8)

2

i 6= k,

(9)

PSLk = max wH uk (m, f ) ,
f,m

PCCk = max wH ui (m, f ) ,
f,i,m

where δij is the Kronecker delta, fw is the half-width of the
main lobe in frequency, m = −L + 1, . . . , L − 1, and f ∈
[− 12 , 12 ] due to the sampling theorem and aliasing. The PSL
and the PCC are convex functions in w.
Using a mismatched filter causes a decrease in the SNR of
the filter output, so it might also be necessary to control the
SNR loss of the filter. The SNR loss is defined as the ratio of
the matched filter SNR
1
ksk (0)k4
|uH (0, fb )u(0, fb )|2
= 2
=
H
2
2
2
u (0, fb )(σn I)u(0, fb ) σn ksk (0)k
σn

(10)

and the mismatched filter SNR
|wH u(0, fb )|2
1
= 2
,
wH (σn2 I)w
σn kwk2

(11)

where σn2 is the noise power and (2) and (6b) were used.
Constraining the SNR loss to be less than γ on linear scale,
we obtain a constraint equation
kwk2 ≤ γ.

(12)

Mismatched filters with controlled PSL, PCC, and SNR loss
minimizing the output interference plus noise power can be
designed by solving a constrained optimization problem
H

min w Rν w
2

≤ α, |f − fb | ≥ δ0m fw (13b)

max wH ui (m, f )

2

≤ β,

f

w w ≤ γ,
H

w u(0, fb ) = 1,

B. Signal Cancellation
Although the waveform in the returned signal is known,
the Doppler shift due to target velocity is not. If an estimated
covariance matrix that contains the signal of interest is used
for the interference suppression, it is possible that signal
cancellation occurs. We will show that the signal loss is limited
by the SNR loss constraint (12). It is also possible to restrict
the signal loss further within the main lobe.
We define the signal cancellation within the Doppler bin as
the ratio of the matched filter gain and the mismatched filter
gain. If the maximum allowed signal cancellation is  in linear
scale, the signal loss constraint is given by
uH (0, fb )uk (0, f )
wH uk (0, f )

2

2

≤ .

(14)

This constraint is unfortunately nonconvex. An alternative
method to limit the signal loss is constraining the magnitude
squared of the difference of the filter responses such that
[uk (0, fb ) − w]H uk (0, f )

2

≤ ζ 2.

(15)

(13a)

s.t max wH uk (m, f )
f
H

In the noise-only case, it is obvious that minimizing
wH Rν w is tantamount to minimizing the SNR loss. In such
cases, it is sensible to minimize α and β instead of the output
noise power.
Since the objective function and all the constraints in the
problem (13) are convex, the problem itself is convex [23].
However, given that the normalized Doppler frequency f
is continuous and can take any value on the interval from
− 12 to 12 , we cannot solve the filter design problem as an
ordinary quadratically constrained program, as infinite number
of constraints would be required to satisfy (13b) and (13c).
This type of constraints can be readily converted into positivesemidefinite matrix constraints using the sum-of-squares representation [15] summarized in Section III-A.

i 6= k

(13c)
(13d)
(13e)

where α and β are the maximum allowed PSL and PCC,
respectively, and γ is the constraint on the SNR loss. The
constants α, β, and γ are all user-defined design parameters.
Equation (13e) is needed to maintain the unit gain to the
waveform of interest at zero delay. The feasibility of the
problem depends on the chosen values of α, β, and γ.
The filter design for waveforms with negligible Doppler can
also be done using (13) with the exception that the normalized
Doppler f is zero. In this case, the optimization problem is
a convex QCP. Such filter can be used with fast-time coding,
for example. However, if the Doppler frequency is significant,
such filter will have high sidelobes, and consequently, worse
performance compared to the filter design taking the Doppler
shift into account.

The value of ζ can be set so that the signal loss is no more
that . This will place additional constraint on the phase of
the mismatched filter response. However, due to the unitgain constraint enforced for both the filters, the responses are
similar also in phase near the main lobe .
Fig.1 illustrates how ζ is chosen. The filter responses are
denoted by a = uH (0, fb )uk (0, f ) and b = wH uk (0, f ) for
the matched and the mismatched filter, respectively. For the
signal loss to be  at most, b has to be outside the solid circle,
which has a radius of −1/2 |a| based on (14). It is easily seen
that we have to have |a| − ζ ≥ −1/2 |a|, which yields
ζ = 1 − −1/2 ) uH (0, fb )uk (0, f )

(16)

as the largest allowed ζ.
The magnitude squared of the difference of the filter responses is in fact intrinsically constrained by the SNR loss
constraint (12). We can see this by writing the mismatched
filter coefficients as w = u(0, fb ) + q, where qH u(0, fb ) = 0.
Due to the SNR loss constraint,
kqk2 = kwk2 − ksk (0)k2 ≤ γ − 1.

(17)
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Fig. 1. Constraining the signal loss. For the signal loss to be less that ,
the filter response b needs to be outside the solid circle. This is achieved by
constraining b to be inside the dashed circle and setting the radius ζ so that
the dashed circle lies outside of the solid circle.

Thus,
[uk (0, fb ) − w]H uk (0, f )

2

= qH uk (0, f )

2

≤kqk2 ksk (0)
≤γ − 1,

φ(f )k2 (18)

where Cauchy-Schwarz inequality was used. This means
√ that
the radius of the dashed circle in Fig.1 is less than γ − 1
for any Doppler frequency f . If it is necessary to have smaller
signal loss for the frequencies near the main lobe, the convex
constraint (15) can be used.
III. S EMIDEFINITE R ELAXATION
In this section, we reformulate the mismatched filter optimization using the properties of a polynomial constraints. The
resulting optimization problem is then solved using semidefinite relaxation. In case the rank of the SDR solution is higher
than one so that solution cannot be directly factorized into
the filter coefficients, a randomization method for generating
approximate solutions is also proposed.

If the matrix X is positive-semidefinite, then the polynomial
p is necessarily nonnegative. For more details, the reader is
referred to [24], [15], and the references therein.
In the mismatched filter design problem, we are particularly
interested in real-valued, trigonometric polynomials of the
form
n L−1
o
X
p(ω) = z0 + 2Re
zn e−jωn .
(21)
n=1

This type of polynomials allows us to use Theorems 1 and 2
of [15]. First, define the vector z using the coefficients in (21)
as

T
(22)
z = z0 z1 . . . zL−1 .
Also, define the matrix FL as a matrix containing the L first
columns of a full M × M DFT matrix, i.e.

1
1

FL =  .
 ..

1
e−j2π1/M

1 e−j2π(M −1)/M

...
...

1



e−j2π(L−1)/M
..
.



,


. . . e−j2π(M −1)(L−1)/M

(23)
L ≤ M . Similarly, define a matrix FL−1 to consist of L − 1
first columns of the M × M DFT matrix.
Theorem 1: A trigonometric polynomial of the form given
in (21) is nonnegative on the interval [0, 2π] if and only if
there is an L × L positive-semidefinite matrix X such that
H
z = FH
L diag(FL XFL ),

(24)

where M ≥ 2N + 1 and diag(FL XFH
L ) denotes the vector
consisting of the elements on the main diagonal of the matrix
FL XFH
L.
Theorem 2: A trigonometric polynomial of the form given
in (21) is nonnegative on the interval [ω0 − ∆, ω0 + ∆] if and
only if there are an L × L positive-semidefinite matrix X and
an (L − 1) × (L − 1) positive-semidefinite matrix Y such that

A. Polynomial Constraints
Many signal processing problems and filter design problems
in particular can be formulated as constrained optimization
problems. Many of the encountered constraints can be recast
as nonnegative polynomial constraints [15]. Such constraints
can be further converted into equality constraints and linear
matrix inequalities using the sum-of-squares representation.
The basic idea is following: Suppose that we need to
confirm whether
p of degree 2d in real
 or not a polynomial
T
variables y = y1 y2 . . . is nonnegative. The sufficient
condition for this is to write p as a sum of squares,
X
p(y) =
qi2 (y)
(19)
i

Alternatively, if the vector µ contains all the monomials of
degree less or equal to d in the variables yi , we can write the
polynomial as
p(y) = µT Xµ.
(20)

H
z = FH
L [diag(FL XFL ) + c

diag(FL−1 YFH
L−1 )], (25)

where the nth element of the vector c is
cn = cos(2π(n − 1)/M − ω0 ) − cos(∆),

(26)

n = 1 . . . M.
The proofs of these theorems are provided in [15, p. 946].

B. Semidefinite Formulation
The basic formulation of mismatched filter optimization
problem was given in (13). In order to obtain a solvable
problem, we need to convert the constraints (13b) and (13c)
into trigonometric polynomials that are then required to be
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nonnegative. We first note that
wH ui (m, f )

s∗i (m)]H φ(f )]

= [w

for the PCC constraint in (32). We apply Theorem 2 to deal
with the zero delay and the main lobe. Let fw be the Doppler
half-width of the main lobe. Defining the elements of vector
c as

2
2

= φH (f )[w s∗i (m)][w s∗i (m)]H φ(f )


= φH (f ) wwH s∗i (m)sTi (m) φ(f )
=

=

=

L X
L
X
k=1 n=1
L X
L
X

ej2πf (k−1) wwH

cn = cos(2π(n − 1)/M − π − 2πfb ) − cos(π − 2πfw ), (33)
the PSL constraint for m = 0 can be written as


s∗i (m)sTi (m) kn e−j2πf (n−1)

where Y0 is an (L − 1) × (L − 1) PSD matrix. Consequently,
the semidefinite relaxation of the filter design problem can be
written as

k=1 n=1
L
X

∗

wn wn∗ si (m) n si (m) n

n=1

+ 2Re

L
X

e−j2πf n

n=1

min tr(WRv )

∗

∗
wk−n wk si (m) k−n si (m) k ,

s.t zk,0 =

(35a)

H
FH
L [diag(FL Xk,0 FL )

+c

k=n+1

(27)

L
X

∗

wk−n wk∗ si (m) k−n si (m) k

(28)

k=n+1

and ω = 2πf .
The constraint polynomials for filter design are
α − wH uk (m, f )
H

β − w ui (m, f )

2

≥ 0,

(29a)

2

≥ 0.

(29b)

For each waveform si and delay m, we need a coefficient
vector zi,m and a PSD matrix Xi,m for forming the sum-ofsquares presentation of the constraint.
Equation (28) is a quadratic equality constraint, which is
nonconvex. In order to obtain a convex problem, we apply
semidefinite relaxation (SDR) and replace wk+n wn∗ in (28) by
(W)k+n,n , where W is an L×L positive-semidefinite matrix.
The jth element of the coefficient vector zi,m is defined as
(zi,m )j = δ0j α −

L−j
X

zi,m =
(i, m) 6= (k, 0)
tr(W) ≤ γ

tr Wu(0, fb )uH (0, fb ) = 1
W  0, Xi,m  0, Y0  0,

(35c)
(35d)
(35e)
(35f)

where the notation (i, m) 6= (k, 0) means that both i = k and
m = 0 cannot hold simultaneously. The problem in (35) is a
convex optimization problem so the global optimum can be
found efficiently [23].
If the main lobe signal loss has to be constrained, (15) has to
be converted into a polynomial form. The required polynomial
constraint is
ζ 2 − [uk (0, fb ) − w]H sk (0)

φ(f )

2

≥0

(36)

on the interval [fb − fB , fb + fB ], where the size of the
Doppler bin is 2fB . Similar to the PSL constraint, we define
a coefficient vector zB with the elements
(zB )j = δ0j ζ 2 −

L−j
X

(Q)j+n,n (si (m))∗j+n (si (m))n ,

(37)

n=1

where

(W)j+n,n (si (m))∗j+n (si (m))n (30)

+ u(0, fb )uH (0, fb ).

(38)

The additional constraints for the SDR problem (35) are then

for i = k and as
L−j
X

(35b)

Q =W − u(0, fb )wH − wuH (0, fb )

n=1

(zi,m )j = δ0j β −

diag(FL−1 Y0 FH
L−1 )]

H
FH
L diag(FL Xi,m FL ),

where the last equality results from collecting the terms with
equal value of k − n. This is a real-valued trigonometric
polynomial of the form (21), where the nth coefficient of the
polynomial is given by
zn =

diag(FL−1 Y0 FH
L−1 )],
(34)

∗

ej2πf (k−n) wk wn∗ si (m) k si (m) n ,

X
L

H
zk,0 = FH
L [diag(FL Xk,0 FL ) + c
Xk,0  0, Y0  0,

(W)j+n,n (si (m))∗j+n (si (m))n (31)

H
zB = FH
L [diag(FL XB FL )

+ cB

n=1

for i 6= k.
Theorem 1 in [15] can now be directly applied to express
the constraint (29b) as
H
zi,m = FH
L diag(FL Xi,m FL ), Xi,m  0,

(32)

for the waveform number i 6= k and delay m, where Xi,m  0
means that Xi,m is positive-semidefinite.
Next, a similar formulation is needed for the PSL constraint
(29a). For nonzero delays, this can be done the same way as

diag(FL−1 YB FH
L−1 )]

H

w u(0, fb ) = 1
W − ww

H

 0, XB  0, YB  0,

(39a)
(39b)
(39c)

with the elements of cB given by
(cB )n = cos(2π(n − 1)/M − 2πfb ) − cos(2πfB ).

(40)

An alternative to (36) is to directly constrain the signal loss
such that
2
wH uk (0, f ) ≥ 
(41)
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for the Doppler frequencies in the Doppler bin. This nonconvex constraint can be converted into a polynomial constraint in the same fashion as (29a) and (29b) and becomes
convex after the relaxation.
The proposed mismatched filter design can also be used for
mitigation of strong, spatially distinct clutter that is present
in low-angle land clutter, for example [25]. The clutter in a
particular bin is equal to
X 1/2
r(m, fb ) =
σ̃i,n ui (m̃i,n − m, f˜i,n − fb ),
(42)
i,n

where σ̃i,n is the power, m̃i,n is the delay, and f˜i,n is the
Doppler frequency of clutter source n for waveform i (the
waveform-dependency of the quantities is for a radar system
with distributed transmitters). Assuming that the clutter is
strong, estimating its power, delay, and Doppler is trivial.
The clutter can then be mitigated by minimizing an objective
function

tr(WRv ) + tr Wr(m, fb )rH (m, fb )
(43)
corresponding the total interference and clutter power in the
particular Doppler bin in place of (35a). The disadvantage of
this approach is that each range–Doppler bin needs its own
filters.
C. Randomization
The solution of the optimization problem (35) is a positivesemidefinite matrix, denoted by Wo . If the rank of Wo is
equal to one, the filter coefficients may be found by using
factorization Wo = wo wH
o . In this case, the filter coefficient
vector wo is the globally optimal solution to the nonrelaxed
problem [17]. Given that the problem using the sum-of-squares
representation is just an alternative formulation of the original
problem in (13), the factorization wo of the rank-one matrix
is also the globally optimal solution of the original problem
(13).
It is plausible that the solution of the SDR problem has
a rank that is higher than one, especially if the nonconvex
constraint (41) is used. For this reason, it is necessary to have
a method for generating a suitable filter even in the case that
the SDR solution cannot be simply factorized into the filter
coefficients.
A randomization method can be used to obtain the filter
coefficients from a SDR solution with a rank larger than
one. Randomization is done by generating random solution
candidates w̃ from the complex normal distribution [17]
w̃ ∼ CN (0, Wo ).

(44)

However, the probability for the randomized candidates to
satisfy the unit gain constraint (13e) is zero. Therefore, we
project w̃ to be orthogonal to uk (0, fb ) using a projection
matrix P,
P = I − u(0, fb )uH (0, fb ),
(45)
so that uH (0, fb )Pw̃ = 0. The SNR loss constraint (13d) can
be satisfied by scaling Pw̃ so that its norm does not exceed

√
γ − 1. Thus, a filter coefficient vector

 √
γ−1
Pw̃
w = u(0, fb ) + min 1,
kPw̃k

(46)

will satisfy both (13d) and (13e). There is no simple way
to guarantee that the randomized solution would satisfy the
PSL constraint (13b) or the PCC constraint (13c). However,
if the interior of the set that satisfies (13b) and (13c) is
non-empty, then clearly the probability that the randomized
solution is feasible is larger than zero. Numerous randomized
filter coefficient vectors can be generated easily and the one
that provides the lowest interference power at the output with
suitable PSL and PCC levels can be chosen as the final filter.
If the main lobe signal loss constraint (39) is used, the
randomization procedure is the same, only the distribution
CN (wo , Wo − wo wH
o ) is used for drawing the candidates.
IV. A PPROXIMATE F ILTER D ESIGN
For a filter with L coefficients and a waveform with N
symbols, there are N + L − 1 delay values to consider, each
of which requires an L × L positive-semidefinite matrix in
the SDR filter optimization problem (35). The total number of
L×L PSD matrices needed to control the PSL and PCC levels
is therefore the N + L − 1 times the number of waveforms
(an additional (L − 1) × (L − 1) PSD matrix is needed for
the zero delay), resulting in a high computational complexity.
Instead of using the sum-of-squares representation to satisfy
the trigonometric polynomial constraints, we can reduce the
computational complexity by discretizing the Doppler frequency similar to FIR filter design approach in [26].
Given a grid of Doppler frequencies fj , j = 1, 2, . . ., the
approximate filter design can be written as an optimization
problem
min wH Rw
H

s.t w uk (m, fj )
wH ui (m, fj )

(47a)
2

≤ α,

|fj − fb | ≥ δ0m fw

2

≤ β,

i 6= k

(47b)
(47c)

wH w ≤ γ,

(47d)

wH u(0, fb ) = 1.

(47e)

This is a convex quadratically constrained problem from which
the filter coefficients w are obtained directly. For Doppler
values between the frequencies fj , (47b) and (47c) do not
2
necessarily hold anymore. However, |wH ui (m, f ) varies
smoothly as a function of the Doppler frequency f , so by using
an increasingly denser set of points, the amount by which the
maximum PSL and PCC values exceed α or β can be made
arbitrarily small.
The number of constraints in (47) depends linearly on the
number of the Doppler grid points. As the number of iterations
required for an interior-point method to converge is independent on the number of constraints [23], the computational
complexity of solving this approximate problem grows only
linearly with the number of grid points when everything else
is kept constant.
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The approximate mismatched filter design in interferencefree case can be written as
min max(α, β)

(48a)

H

2

≤ α,

|fj − fb | ≥ δ0m fw

(48b)

H

2

≤ β,

i 6= k

(48c)

s.t w uk (m, fj )
w ui (m, fj )
H

w w ≤ γ,

(48d)

wH u(0, fb ) = 1.

(48e)

It should be noted that in this case, there is no need to calculate
the mismatched filter for each Doppler bin, but the same filter
can shifted in frequency for each bin.
The constraint for the main lobe signal loss (15) can be
discretized as precisely the same way as the PSL and the PCC
constraints.
If no Doppler frequency points other than fi = 0 are
considered, the optimization problem becomes essentially the
same as the one presented in [12].
V. PSL AND PCC L EVEL S ELECTION
So far, the PSL and the PCC level have been assumed to
be given. In practice, one needs to select these parameters
depending on the situation. Both high interference power and
high PSL and PCC levels reduce the performance of the radar
receiver, so it is important to select the design parameters as
well as possible.
Having good interference rejection and achieving low PSL
and PCC levels are competing design goals, and the adequate
trade-off between these depends on the task at hand as well
as the interference and the propagation environments. Assume,
for example, that the power of one of the received waveforms
is significantly higher compared to the other waveforms. If the
allowed PCC level of the filter is equal for all the waveforms,
the strong waveform will cause added interference. However,
this interference can be reduced simply by using mismatched
filters with decreased cross-correlation level for the powerful
waveform.
As a further example of sidelobe level selection, we consider
the detection of a Swerling I type target in Gaussian noise with
a constant false alarm rate. It is well-known that the uniformly
most powerful test of detecting this type of target compares
the filter output power to a threshold τ , which depends on the
interference and noise power as well as the chosen constraint
on the probability of false alarm pf ,
pf = Prob(|wH ν|2 ≥ τ ).

(49)

Since the noise plus interference ν is assumed to be zero-mean
complex Gaussian process with the covariance matrix Rν ,
wH ν ∼ CN (0, wH Rν w),

(50)

and the threshold value is given by
H
τ = wH Rν wFχ−1
Rν w 2 log pf ,
2 (1 − pf ) = −w

(51)

2

where Fχ−1
is the inverse cumulative distribution function
2
2
of central chi-square random variable with two degrees of
freedom.

The sidelobe level parameter α can be chosen so that the
probability of incorrectly detecting the target range or Doppler
due to a sidelobe is equal to pe . This requirement can be
written as
Prob(|αa + wH ν|2 ≥ τ ) = pe ,
(52)
where a is the amplitude of the scattered signal. According
to the Swerling I model [27], a is a zero-mean complex
normal random variable. Due to the unit gain constraint of
the mismatched filter, the variance of a is equal to the signal
power σs2 at the filter output. A condition identical to (52) is
thus

Fχ22 (wH Rν w + ασs2 )−1 τ = 1 − pe
⇒

wH Rν wFχ−1
2 (1 − pf )
2

wH Rν w + ασs2

= Fχ−1
2 (1 − pe )
2

resulting in
α

σs2
H
w Rν w

=

log pf
− 1,
log pe

(53)

which shows the relationship between the sidelobe level α,
the signal to interference plus noise ratio (SINR) that is equal
to σs2 /(wH Rν w), the probability of false alarm pf and the
probability of error in detection pe . The target values for the
sidelobe level α and the output interference power can be
determined using this equation and the filter design problem
can then be solved in order to see if a feasible filter can be
found.
VI. N UMERICAL E XAMPLES
Numerical examples of the proposed mismatched filter
design are presented in this section. First, we will compare
the matched filter to the mismatched filters obtained by solving
the SDR problem and the approximate QCP. We then give an
example of the interference mitigation with the mismatched
filter and demonstrate how an estimate of the interference plus
noise covariance matrix can be successfully used.
A. Minimum PSL and PCC
Given the difficulty of the waveform optimization for
MIMO radar use, it is sensible to use mismatched filters
in the receivers to improve the ambiguity properties of the
waveforms. As an example, we optimize the mismatched filters
for a set of four QPSK waveforms with 40 symbols in each.
Only white noise is assumed to be present with no interference.
The mismatched filters were designed to have as low PSL and
PCC as possible while the SNR loss was constrained to 1 dB.
Different MIMO radar waveform design methods to minimize PSL and PCC have been proposed before. For example,
[5] used adaptive annealing to find four polyphase codes of
length 40 with zero-Doppler PSL of −14.80 dB and PCC of
−13.47 dB. A genetic algorithm was used in [6] to obtain
four polyphase codes of length 40 with PSL of −16.02 dB
and PCC of −12.75 dB. However, the Doppler effect was not
taken into account in the optimization of these waveform sets.
Thus, the PSL and PCC levels of these sequences are much
higher when a nonzero Doppler shifts are allowed, namely
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max wH [s2 (m)
f

φ(f )]

2

(54)

Maximum Cross-ambiguity

Normalized Ambiguity (dB)

0
Matched
SDR Mismatched
QCP Mismatched

−5

−10

−15

−20
−40

−20

0

20

40

Delay (symbols)
(a)

Maximum Cross-ambiguity
Matched
SDR Mismatched
QCP Mismatched

0
Normalized Ambiguity (dB)

−8.00 dB and −6.71 dB for the former and −7.97 dB and
−6.87 dB for the latter.
Using the proposed mismatched filter design, it is possible
to improve the PSL and PCC levels at the receiver. First, we
compare the proposed design to a filter design that ignores the
Doppler frequency. The filters were designed to receive the
first sequence of [5]. When the Doppler frequency is ignored,
the filter design problem is as in (13), but the normalized
Doppler frequency f is identically zero. The resulting the
sidelobes and cross-correlation are equal to −16.62 dB along
the zero-cut of the ambiguity function, but the overall PSL and
PCC of the entire ambiguity functions are equal to −6.46 and
−6.91 dB, respectively. For the proposed design in which the
normalized Doppler can take values on [− 12 , 21 ] , the overall
PSL and PCC are both equal to −9.49 dB, so the resulting
filter is significantly better for scenarios with a significant
Doppler shift.
Next, the optimal SDR filters and the approximate QCP
filters in (48) with 256 Doppler grid points were calculated
for the entire four-waveform set. The PSL and PCC levels of
the SDR mismatched filters were −9.12 dB for the set of [5]
and −9.24 dB for the waveforms in [6], so the PSL and PCC
levels were significantly improved compared to the matched
filters.
Fig. 2 shows the maximum of the cross-ambiguity function
of the waveform number 2 of the set in [5] with the matched
and the mismatched filters. The maximum is taken over the
normalized Doppler frequency in Fig. 2(a) and over the delay
in Fig. 2(b), so

−5

−10

is plotted in (a) and
max wH [s2 (m)
m

φ(f )]

2

(55)

in (b). Compared to the matched filter, both the SDR and the
QCP mismatched filters improve the PSL level considerably,
while the difference between the mismatched filter designs is
small.
Fig. 3 shows the maximum cross-ambiguity for the waveform number four and the filters intended for waveform
number two. Also in this case, the mismatched filters have
a significantly lower PCC than the matched filter, and the
difference between the SDR and QCP mismatched filters is
very small.
In order to compare the matched and mismatched filters
further, we created sets of four QPSK sequences of 40 symbols
similar to the waveforms in [5] and [6]. In the first set, the
symbols were chosen randomly. The PSL of this set is −7.70
dB and PSL is −6.09 dB. The second set was optimized with
simulated annealing with 250 random initializations resulting
in a PSL of −8.52 dB and a PCC of −8.18 dB. The third set
of sequences was created so that it would have high crosscorrelation. This was achieved by taking a single random
sequence and then changing 20% of the symbols randomly
in each sequence. The PSL and PCC of this set were −7.58
dB and −2.65 dB, respectively.

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

Normalized Doppler Frequency
(b)
Fig. 2. Maximum cross-ambiguity of the waveform two of [5] and the receiver
filters over (a) the Doppler frequency and (b) the delay. Lower sidelobes are
achieved with the mismatched filters. The difference between the SDR and
the approximate QCP filters is small.

The results of the mismatched filter optimization for all
the waveform sets are summarized in Table I . We can make
following observations from the results. Naturally, the PSL and
PCC of the mismatched filters for the optimized waveforms
are the lowest, but the difference to the random waveforms is
small, much smaller than for the matched filters. Furthermore,
by using the mismatched filters, the PCC of the high crosscorrelation waveform set that would otherwise be unusable can
be reduced to a manageable level of −7.14 dB. Therefore, it
is possible to compensate the deficiencies of the waveforms
using mismatched filters.
The maximum cross-ambiguity function of the high-crosscorrelation waveform set and the matched filter as well as
the SDR-optimized mismatched filter are shown in Fig. 4.
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TABLE I

Maximum Cross-ambiguity

PSL AND PCC

Normalized Ambiguity (dB)

0
Matched
SDR Mismatched
QCP Mismatched

−5

OF MATCHED AND MISMATCHED FILTERS FOR
SELECTED CODE SETS

Matched
Code set
Hai Deng [5]
Bo Liu et al. [6]
Random
Optimized
High cross-corr.

−10

PSL
−8.00
−7.97
−7.70
−8.52
−7.58

PCC
−6.71
−6.87
−6.09
−8.18
−2.65

Mismatched
QCP
PSL PCC
−9.04 −9.00
−8.90 −9.11
−8.96 −8.92
−8.81 −9.33
−7.12 −7.08

Mismatched
SDR
PSL PCC
−9.12 −9.12
−9.24 −9.24
−9.07 −9.07
−9.48 −9.48
−7.14 −7.14

Comparison of PSL and PCC levels of matched and mismatched
filters. The PSL and PCC can be reduced with mismatched filtering
at the cost of SNR loss that was constrained to 1 dB in this case. The
differences between the globally optimal SDR and the approximate
QCP filters are small.

−15
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Maximum Cross-ambiguity
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−8

Waveform
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−14

(a)

Mismatched Filter Maximum Cross-ambiguity
−0.6

−0.4
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0
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0.6

Fig. 3. Maximum cross-ambiguity of the waveform number four in [5]
and the receiver filters for waveform two over (a) the Doppler frequency
and (b) the delay. Considerably lower peak cross-correlation is achieved
with the mismatched filters. Again, the difference between the SDR and the
approximate QCP filters is small.

Due to the similarity of the waveforms in this set, there is a
peak in cross-correlation at zero Doppler shift for the matched
filter. The mismatched filter is able to minimize these crosscorrelation peaks resulting in a drastic decrease of the PCC
level.

Normalized Ambiguity (dB)

(b)

Waveform
Waveform
Waveform
Waveform

0

Normalized Doppler Frequency

1
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4
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B. Interference Mitigation
Next, we show an example of interference mitigation using
the proposed mismatched filter design. The waveforms in this
case are Oppermann polyphase codes [28]. Some of these
codes have desirable correlation properties, but the drawback is
the large number of different symbols needed. The remarkable
benefit, however, is the ability to obtain numerous sequences

(b)
Fig. 4. Maximum cross-ambiguity of the waveform set with high crosscorrelation for (a) matched filter and (b) the mismatched filter for the fourth
waveform. The mismatched filter does not have the cross-correlation peaks at
zero Doppler that the matched filter has.
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of varying length with low peak autocorrelation sidelobe
(PSL) and peak cross-correlation (PCC) by tuning just a few
parameters.
The Oppermann codes are given by [28]


jπ(ik mp + mn )
im
,
(56)
si (m) = (−1) exp
N
where j is the imaginary unit, N is the sequence length, i is the
sequence number, m is the symbol index, and k, n, as well as
p are parameters. The transmitted waveforms in this example
were three Oppermann codes with the parameter values N =
61, i = 1, 2, 3, k = 2, n = 3, and p = 3. These codes have
PCC of −9.13 dB and PSL of −12.29 dB assuming nonzero
Doppler shift. The second code corresponding to i = 2 was the
waveform of interest that the filters were designed to receive.
In order to compare the interference mitigation performance,
we define the SINR gain as the ratio of the SINR of the
particular filter w to the SINR of the matched filter. This SINR
gain is given by
|wH uk (0, fb )|2 /wH Rν w
H
2
|uH
k (0, fb )uk (0, fb )| /uk (0, fb )Rν uk (0, fb ) (57)
H
u (0, fb )Rν uk (0, fb )
= k
,
wH Rν w

GSINR =

where the assumption ksk (0)k = 1 and the constraint
wH sk (0) = 1 were used.
In the following numerical examples, the interference is a
Gaussian random process with an autocorrelation function
(L − m)(L − m + 1)(2L + m + 1) j2πm/7
e
,
L(L + 1)(2L + 1)
(58)
which corresponds to a narrow peak slightly off the center frequency. The interference power is denoted by σI2 . The receiver
noise was i.i.d. white Gaussian noise and the interference to
noise ratio (INR) was 20 dB.
The proposed mismatched filter design was compared to
the matched filter, the MVDR filter given by (7), and the
minimum PSL and PCC filter with an SNR loss constraint. For
the matched filter, the PSL was −12.89 dB and the PCC −9.13
dB. Being the baseline, the SNR loss and SINR gain are both
zero dB for the matched filter. The MVDR filter minimizes
the output interference power and its SINR gain is 9.44 dB.
However, the effective interference mitigation comes at the
cost of increased PSL at −9.08 dB and PCC at −7.72 dB.
A mismatched filter with 121 coefficients minimizing the
PSL and PCC levels was designed using the QCP design
of (48). A grid of 256 equally spaced points were used for
Doppler frequency and the SNR loss was constrained to 1
dB. The resulting filter had a PSL of −11.56 dB and PCC of
−11.30 dB; however, the SINR gain was −1.92 dB implying
that the interference is amplified, which is highly undesirable.
On the other hand, if the mismatched filter is designed
according to (47) to minimize the output interference power
with the same SNR loss and grid points and α and β equal
to 0.075 (approximately −11.25 dB), an SINR gain of 8.45
dB is achieved. The PSL and PCC that were −11.08 dB and
r(m) = σI2

TABLE II
M ISMATCHED F ILTER O PTIMIZATION FOR O PPERMANN
C ODES
Filter Type
Matched
MVDR
Min PSL&PCC
Proposed
Proposed, R̂ Avg.a

PSL

PCC

SNR
Loss

SINR
Gain

−12.89
−9.08
−11.56
−11.08
−11.25

−9.13
−7.72
−11.30
−10.87
−11.25

0.00
1.54
1.00
0.78
1.00

0.00
9.44
−1.92
8.45
7.78

Comparison of PSL and PCC levels as well as interference suppression of different filter types. The proposed
filter can provide good interference mitigation with low
PSL and PCC, even when the covariance matrix estimate
is used. a Averaged over 100 trials using a covariance
matrix estimate

−10.78 dB1 , respectively, were only slightly higher compared
to the design minimizing only the PSL and the PCC.
The mismatched filter optimization in (47) requires that the
interference plus noise covariance matrix is known. This is
typically not the case in practice, so the covariance matrix
would have to be estimated. In case of low number of samples
available for estimation, regularized estimators can be used
[18], [19].
The covariance matrix estimation was simulated by creating
121 samples of the received signal containing the waveform
of interest with a SNR of 5 dB and the interfering signal
as well as noise. The filter optimization was performed in
one hundred independent trials using the estimated covariance
matrix R̂ and the results were averaged and then converted
into dB. The average SINR gain was 7.78 dB. Despite using
the covariance matrix estimate, the interference could still be
attenuated effectively without significant changes in the PSL
and PCC levels. The filter optimization results are summarized
in Table II.
The minimum PSL and PCC level and interference suppression performance are naturally competing design goals, but
filters that achieve a good trade-off between these two can be
obtained with the proposed design method. This is highlighted
in Fig. 5 that displays the approximate Pareto frontier of the
mismatched filters for the described setup. The Pareto frontier
shows the combination of the highest SINR gain and the lowest
achievable PSL and PCC level, demonstrating that near either
end of the curve, the SINR gain or the PSL and PCC level
can be improved without significant deterioration of the other.
The lower left point in Fig. 5 corresponds to the minimum
PSL and PCC design whereas the upper right point is the
MVDR filter with no PSL or PCC constraints. It can be seen
that near the lower end of the achievable PSL and PCC, the
SINR gain can be improved significantly with only a small
increase in the PSL and PCC levels. Likewise in the high
SINR gain end, the PSL and PCC can be reduced by several
dB with only minute decrease in the SINR gain compared to
the MVDR filter.
A more practical example of the use of the mismatched filter
is shown Fig.6. There are three targets located in range bins
1 PSL and PCC are higher than the design value of −11.25 dB as the peak
values do not occur at the grid points.
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In Section IV, the approximate filter design was introduced
to reduce the computational complexity of the mismatched
filter optimization. In order to compare the computational
complexity of the SDR method and the QCP approximation,
we measured the CPU time required to calculate mismatched
filters for waveform of differing lengths N , where the filter
length L was 40. The waveforms were generated randomly.
The computations were performed on a desktop with a Intel
Xeon E31230 CPU running at 3.2Ghz.
The CPU time for the both methods is shown in Fig.8. The
number of waveforms is equal to K, and the lines are fitted to

0.4
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e
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Fig. 5. Pareto frontier of the mismatched filter design showing the best
achievable combinations of the SINR gain and minimum PSL and PCC. Filters
with excellent trade-off between PSL and PCC level and SINR gain can be
achieved along the Pareto curve.

C. Computational complexity

0.2

Doppler

PSL and PCC Level

Mismatched Filters

Output Power

30, 50, and 100 having normalized Doppler frequencies 0.2,
−0.3, and 0.1, respectively. The SNR of the signal from each
target is 5 dB. The interfering signal is same as previously
with an INR of 20 dB.
The range–Doppler plot of the matched filter is shown in
Fig.6(a). None of the targets can be seen because of the
strong interference. Mismatched filter was calculated for each
Doppler bin so that the PSL and PCC were at same level
as with the matched filter and the interference power was
minimized. In the resulting range-Doppler plot in Fig.6(b),
the targets can be easily distinguished.
Another example in Fig.7 demonstrates the clutter mitigation with mismatched filters. The setup is similar to that of
Fig.6, but in addition to interference, there is a strong, isolated
clutter source with a normalized Doppler frequency of −0.1
and a clutter to noise ratio of 15 dB in the range bin number 70.
The mismatched filter can be used to mitigate the interference,
but it is difficult to detect the targets because of the high
sidelobes from the clutter in Fig.7(a). When the combined
clutter and interference power is minimized in each range–
Doppler bin as in Fig.7(b), the targets clearly stand out.
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Fig. 6. Range–Doppler plots for (a) matched filter and (b) mismatched filters.
The targets are buried in the interference when the matched filter is used but
are clearly distinguishable with the mismatched filter.

the data in the least-squares sense for each value of K. For the
QCP problem, the complexity clearly depends polynomially
on the problem size, and based on the slopes of the lines,
the complexity is approximately O K(L + N )7/2 . On the
other hand, the SDR formulation in Fig.8(b) has much higher
computational complexity.
The CPU time is intended only for illustrating the difference
between the methods. In practice, the filters could be solved
much faster using a dedicated solvers and parallelization.
VII. C ONCLUSIONS
Mismatched filters can be used for suppressing interference
while simultaneously decreasing the autocorrelation sidelobe
and peak cross-correlation levels of the waveforms in a MIMO
radar system. We proposed a method for designing such
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Fig. 7. Range–Doppler plots for (a) mismatched filters with interference
mitigation and (b) mismatched filters with combined interference and clutter
mitigation. Without the clutter mitigation, it is difficult to detect the targets
in (a) because of the sidelobes. With the clutter mitigation in (b), targets are
clearly visible.

Fig. 8. The CPU time needed for optimizing the mismatched filter using (a)
QCP approximation or (b) SDR formulation.The number of waveforms is K.
The QCP approximation is computationally much less complex than the SDR
formulation of the problem.

filters by minimizing the filter output interference power while
constraining the peak autocorrelation sidelobe and peak crosscorrelation to a tolerable level for all Doppler frequencies.
The proposed design is formulated as an SDP by employing
sum-of-squares representation of nonnegative polynomials and
semidefinite relaxation. Due to the relatively high computational complexity of this approach, we proposed an alternative
optimization method that discretizes the Doppler frequency
to form a convex quadratically constrained problem. Only a
minor performance loss is experienced with this approximate
method.
In the presence of a nonwhite interfering signal, mismatched
filters not taking the interference into account might unintentionally amplify the interferene. The proposed design minimiz-

ing the output interference power produces much better performance in such scenarios with only a minimal increase in the
peak sidelobe and cross-correlation levels. A very good tradeoff can be achieved between the interference attenuation and
minimum PSL and PCC levels. Furthermore, the interference
can be effectively attenuated using an interference plus noise
covariance matrix estimate even when there is a component
of the signal of interest present in the observed data.
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