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Proportional-Integral (PI) Compensator Design of
Duty-Cycle-Controlled Buck LED Driver
Marn-Go Kim, Member, IEEE

Abstract—A discrete time-domain modeling and design for the
duty-cycle-controlled buck light-emitting diode (LED) driver is
presented in this paper. The discrete time-domain equation representing the buck LED driver is derived and linearized about the
equilibrium state. Also the switching control law, the proportionalintegral (PI) compensator is used here as an example of the error
amplifier, is linearized about the equilibrium state. The linearized
buck LED driver and the control law are then combined to arrive
at a linearized duty-cycle-controlled buck LED driver. The rootlocus method is employed to analyze the dynamic performance of
the closed-loop system. Based on the modeling result, a practical
design equation for the PI compensator is derived. Experimental results are presented to verify the validity of the proposed PI
compensator design.
Index Terms—Discrete time-domain modeling, duty-cyclecontrolled buck light-emitting diode (LED) driver, error amplifier,
proportional-integral (PI) compensator design, root-locus stability
analysis.

I. INTRODUCTION
VER the past few years, light-emitting diode (LED) technology has emerged as a promising technology for residential, automotive, decorative, and medical applications. This
is mainly caused by the enhanced efficiency, energy savings and
flexibility, and the long lifetime. Today, LEDs are available for
various colors and they are suitable for white illumination [1].
The luminous flux of LEDs is mostly determined by the LED
forward current. Controlling the current accurately is a challenge when each LED has a large manufacturing tolerance in its
forward voltage [2]. Therefore, the regulated constant current
control is needed to achieve constant brightness of LEDs [3],
[4]. Recently, many works, which include power factor correction methods [5]–[9], current sharing for LED strings [10]–[14],
and thermal design [15], have been done for power LED applications.
Small-signal linearized modeling for the current regulated
LED driver is of crucial importance in many applications not
only for assessing stability and dynamic characteristics but for
designing compensators. Numerous attempts have been made to
characterize the switching converter system. The average concept is successfully used in the modeling of power converters

O

Manuscript received April 14, 2014; revised June 5, 2014; accepted July
7, 2014. Date of publication July 21, 2014; date of current version February
13, 2015. This work was supported by a Research Grant of Pukyong National
University under Project CD2014-0293. Recommended for publication by Associate Editor K.-H. Chen.
The author is with the Department of Control and Instrumentation Engineering, Pukyong National University, Busan 608-737, Korea (e-mail: mgkim@
pknu.ac.kr).
Color versions of one or more of the figures in this paper are available online
at http://ieeexplore.ieee.org.
Digital Object Identifier 10.1109/TPEL.2014.2341253

Fig. 1.
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Duty-cycle-controlled buck LED driver with constant-frequency con-

[16], [17]. The low-frequency response can be well predicted by
the average models. However, one common issue of the average models is that they cannot predict subharmonic oscillations
in current-mode control. Exact discrete-time model [18] can
accurately predict responses. This numerical technique is not
useful to be used in practical design. In order to extend the
validation of the average models to the high-frequency range,
modified average models are proposed based on the results of
discrete-time analysis and sampled-data analysis [19], [20]. All
mentioned modeling approaches are related to voltage regulated
converters. Very little work has been done in the area of modeling and control to improve dynamic performance of the current
regulated LED driver [21]–[23].
In this paper, the systematic discrete time-domain approach
[24]–[27] is adapted to modeling and designing feedback compensator for the duty-cycle-controlled buck LED driver shown
in Fig. 1. Root-locus analysis is used to derive the stability
boundaries and the practical design equation for selecting the
optimum proportional-integral (PI) gains of the error amplifier.
Experimental results are presented to confirm the validity of the
proposed design method.
II. DISCRETE TIME-DOMAIN MODELING
OF THE DUTY-CYCLE-CONTROLLED
BUCK LED DRIVER
The discrete time-domain model is carried out under the following assumptions.
1) all components are ideal;
2) the output voltage Vo and the input voltage Vi are constant;
3) the loading effect of the feedback loop on the power stage
can be neglected.
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PI error amplifier circuit.

The discrete time-domain equation for the inductor current
can be represented as
ik +1 = ik + m1 Ts dk − m2 Ts (1 − dk )

Fig. 2.

where ik is the inductor current at t = tk and ik +1 is the inductor
current at t = tk +1 .
As an example of the error amplifier circuit, the PI compensator is used here as shown in Fig. 3. A discrete time-domain
equation for the capacitor voltage v can be written as

Key theoretical waveforms of Fig. 1.

A. Discrete Time-Domain Representation
In Fig. 1, the clock signal is applied to the Set input,
and initiates the switch ON-time uniformly at the switching
frequencyfs = 1/Ts . The switch ON-time is terminated when
the ramp signal with slope Me reaches the control signal vc .
The relationship is determined at the comparator input, whose
detailed waveforms are shown in Fig. 2. One comparator input
carries the control voltage vc and the other input carries the ramp
voltage signal. The instantaneous inductor current has a positive
ramp of slope +m1 when the power switch is ON and a negative
ramp of slope −m2 when the switch is OFF, and the duty ratio
dk is determined by intersection of the two comparator inputs,
which is given by
Me Ts dk = vc |t=t k +T s d k



(vr − Rs i)
dt
R2
tk


vr
− iavg,k
= vk + ki Rs Ts
Rs

vk +1 = vk +

1
C1

tk + 1

(5)

where
iavg,k

1
=
Ts
+





tk + 1

idt =


tk

T s dk
ik + m1
2


· dk

Ts (1 − dk )
ik + m1 Ts dk − m2
2


· (1 − dk ).

(1)

where Me is the slope of the sawtooth ramp signal.
This switching control law [25] is termed as the threshold
condition in [24] or the constraint condition in [18].
At the switching instant, the control signal vc for the PI compensator can be represented as [22]
vc |t=t k +T s d k = vr + kp {vr − Rs (ik + m1 Ts dk )} + vk



vr
T s dk
+ki Rs Ts dk
− ik + m1
Rs
2
(2)
1
where the proportional gain kp is R
R 2 and the integral gain ki is
1
R2 C1 .
Using (1) and (2), the switching control law can be described
as
1
(kp + ki Ts dk )ik −
vk
Rs


Me T s
m1 T s d k
+
+ kp m1 Ts + ki Ts
dk
2
Rs

(1 + kp + ki Ts dk )
−
vr = 0.
Rs

(4)

(3)

B. Equilibrium State
In the steady-state, setting ik +1 = ik = I, vk +1 = vk = V ,
m1 = M1 , m2 = M2 , iavg,k = Iavg , vr = Vr , and dk = D, (4)
and (5) can be written as
M1 Ts D = M2 Ts (1 − D)
Iavg = Vr /Rs = I + M1 Ts D/2

(6a)
(6b)

where D = Vo /Vi , M1 = (Vi − Vo )/L and M2 = Vo /L.
C. Linearization About the Equilibrium State
Equation (4) can be linearized about the equilibrium state as
δik +1 = δik + (M1 + M2 )Ts · δdk .

(7)

Similarly, (5) can also be linearized about the equilibrium
state using the steady-state conditions (6a) and (6b)
δvk +1 = −ki Rs Ts · δik + δvk − ki Rs Ts M1 Ts · δdk
+ ki Ts · δvr .

(8)
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The switching condition (3) can be rewritten compactly as
f [ik , vk , dk , vr ] = 0.

(9)

Using (9), the linearized switching control law about the equilibrium state can be described as
∂f
∂f
∂f
∂f
|∗ · δik +
|∗ · δvk +
|∗ · δdk +
|∗ · δvr = 0
∂ik
∂vk
∂dk
∂vr
(10)
where

where
δXk +1 = [δik +1 δvk +1 ]T , δXk = [δik δvk ]T
⎤
⎡
a11 a12
b
⎦,B = 1
A=⎣
a21 a22
b2
a11 = 1 − (M1 + M2 )Ts · K1
=1−

a12 = −(M1 + M2 )Ts · K2
=

∂f
∂f
1
|∗ = kp + ki Ts D,
|∗ = −
∂ik
∂vk
Rs
∂f
Vr
Me T s
|∗ = kp M1 Ts + ki Ts (I + M1 Ts D −
)+
∂dk
Rs
Rs
∂f
|∗ = −(1 + kp + ki Ts D)/Rs .
∂vr
Substituting (6b) into the partial derivative of f with respect
to dk , ∂∂dfk |∗ gives
(11)

D
Me
.
(Vo Rs /L) (1 − D)
Sr is the ratio of the external ramp slope to the ON-time slope
of the current-sense waveform.
where Sr = Me /(M1 Rs ) =

D. Combination of the Linearized System and Linearized
Control Law

= Rs

(12)

where
kp + ki Ts D
M1 Ts (Sr + kp + ki Ts D/2)
1
K2 = −
Rs M1 Ts (Sr + kp + ki Ts D/2)
1 + kp + ki Ts D
.
K3 = −
Rs M1 Ts (Sr + kp + ki Ts D/2)
K1 =

a22 = 1 + ki Rs Ts M1 Ts · K2
=1−

kn i
Sr + kp + kn i D/2

b1 = −(M1 + M2 )Ts · K3
1 + kp + kn i D
1
1
Rs (1 − D) (Sr + kp + kn i D/2)

b2 = ki Ts + ki Rs Ts M1 Ts · K3
kn i (1 + kn i D/2 − Sr )
Sr + kp + kn i D/2
R1
Ts
D = Vo /Vi , kp =
, kn i = ki Ts =
,
R2
R2 C1
D
Me
.
Sr =
(Vo Rs /L) (1 − D)
=−

Bode plots have been commonly used to assess the stability
of the closed-loop system by finding the phase margin, but
these plots cannot give information on the dynamic behavior
of the individual state variables. On the other hand, root-locus
analysis can provide the engineer with the stability and the
transient performance of the individual state variables related to
the location of the roots of the characteristic equation.
To analyze the stability and dynamic characteristics of the
closed-loop system, the eigenvalues of the system matrix is
evaluated. The eigenvalues of A is the solutions of
|A − zI| = 0

Combining (7), (8), and (12) gives the following closed-loop
system :
δXk +1 = A · δXk + B · δvr

kn i (kn i D/2 − Sr )
Sr + kp + kn i D/2

III. DESIGN GUIDELINES

From (10) and (11), the following form can be derived for the
linearized control law:
δdk = −K1 · δik − K2 · δvk − K3 · δvr

1
1
1
Rs (1 − D) (Sr + kp + kn i D/2)

a21 = −ki Rs Ts + ki Rs Ts M1 Ts · K1

=
∂f
|∗ = M1 Ts (Sr + kp + ki Ts D/2)
∂dk

kp + kn i D
1
(1 − D) (Sr + kp + kn i D/2)

(13)

(14)

where I is the identity matrix. The following root-locus analysis
is performed for Rs = 1.
The root locus as a function of the P gain kp for kn i = 0.2,
D = 0.45, and Sr = 0.82 is shown in Fig. 4. Corresponding
pole locations between the s-plane and the z-plane are shown.
The eigenvalues λ1 and λ2 in the z-plane are mapped to s1
and s1 , and s2 in the s-plane, respectively. Unlike the peakcurrent-controlled buck LED driver reported in [22], this dutycycle-controlled buck LED driver is unstable for kp = 0. The
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Fig. 5. Root locus as a function of the I gain k n i (k p = 0.84, D = 0.4,
5D
S r = 11.−D
= 1.0).

Fig. 4. Root locus as a function of the P gain k p : (a) in the z-plane and (b) in
0D
the s-plane (k n i = 0.2, D = 0.45, S r = 11.−D
= 0.82).

eigenvalue λ1 is dominated by the inductor current state. The
transient response of λ1 after a disturbance is underdamped
when kp is between 0 and 0.6. At kp = 0.6, the system response
is critically damped. And then, λ1 moves toward the origin
of the unit circle with increasing kp , which means the inductor
current becomes faster. When kp is greater than 0.6, the transient
response of the inductor current is overdamped. Increasing kp
much further, the current response is underdamped with a natural
resonant frequency equal to fs /2 due to the negative real value
of λ1 . On the other hand, the eigenvalue λ2 is dominated by
the capacitor voltage state of the error amplifier. The transient
response of λ2 is underdamped when kp is between 0 and 0.6
due to the two complex roots. Then, λ2 moves toward the unit
circle with increasing kp , which means the capacitor voltage
becomes slower. The capacitor voltage is overdamped when kp
is greater than 0.6. The relationship between the s-plane poles
and the z-plane poles is
(15)

Fig. 6. Theoretical stability boundaries of k n i as a function of D. (a) S r =
1.0D
2D
1 −D . (b) S r = 1 −D .

The detailed information about the time response of the discrete system can be found in [28].
The root locus as a function of the I gain kn i for kp = 0.84,
D = 0.4, and Sr = 1.0 is shown in Fig. 5. When the I gain kn i
is increased from 0 to 0.27, the transient response is changed
from overdamped to critically damped, and the overall system

response becomes faster due to the slower eigenvalue λ2 moving
toward the origin of the unit circle. The transient response is
underdamped when the I gain kn i is greater than 0.27. Selecting
kn i greater than 5.25, the closed-loop system is unstable.
Fig. 6 shows stability boundaries of kn i as a function of D.
When kn i is between zero and the stability boundary, the system

z = esT s |s=σ±j w = eσT s ±wTs .
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PI gain curve for the critically damped response.

Fig. 9. Start-up transient responses with increasing proportional gain k p
(V i = 40 V, V o ≈ 16.25 V, k n i = 0.2, R 2 = 12 k, C 1 = 10 nF). (a) k p =
0.1 (R 1 = 0.5 k). (b) k p = 0.84 (R 1 = 4.2 k). (c) k p = 1.3 (R 1 = 6.5 k).
(d) k p = 2.0 (R 1 = 10 k).

as

kp
= (1 − 2D) + 2(1 − D)(2Sr /kn i − D)
kn i

2D
− D)
= (1 − 2D) + 2(1 − D)(Sr i
1−D

(16)

1
Me
.
(Vo Rs /L) kn i
Using (16), PI gain curve for the critically damped response
is shown in Fig. 7. The system response is underdamped when
kp is less than the value on the curve, and overdamped when kp
is greater than the value on the curve. Generally, the boundary
value of kp between underdamped and overdamped responses
is increasing with increasing kn i for the same D and Sr . The P
gain for nonoscillatory response is determined at the maximum
D for a range of operation. Selecting kp slightly greater than or
equal to the value on the curve at the maximum D of an operating
range, a satisfactory transient response can be achieved. In other
words, when D varies between 0.2 and 0.6, the P gain kp slightly
greater than or equal to 0.8 at Dm ax = 0.6 can be chosen for
kn i = 0.2 and Sr i = 7.5. Because designing kp according to the
border equation of a lower D results in an oscillatory transient
response at Dm ax .
where Sr i =

Fig. 8.

Experimental circuit.

is stable. While the peak-current-controlled buck LED driver can
be stable by selecting a proper I gain for kp = 0 [22], this dutycycle-controlled buck LED driver is always unstable for kp = 0.
The stability boundary of kn i is increasing with increasing kp
for D < 0.5. But, this stability boundary of kn i is decreasing
with increasing kp for D > 0.5. The stable range of kn i is very
wide for a fixed kp and D. However, the design engineer need
to select the optimum kp and kn i for a good transient response
instead of the simple stable gains.
In practical design, it is desirable that the transient response of
the system should be critically damped or slightly overdamped
to avoid an oscillatory LED current for the start-up and step load
change. The system response is critically damped when λ1 is
equal to λ2 . Using the condition of (a11 + a22 )2 − 4(a11 a22 −
a12 a21 ) = 0, and considering kp > 0, the border equation between the underdamped and overdamped cases can be derived

IV. EXPERIMENTAL EVALUATION
For performance evaluations, a prototype converter has been
constructed as shown in Fig. 8. The constant switching frequency is 100 kHz. The normal operating range of D in the
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Fig. 10. Transient responses for step load change between 3 and 5 LEDs (V i =
40 V, k n i = 0.2, R 2 = 12 k, C 1 = 10 nF). (a) k p = 0.1 (R 1 = 0.5 k).
(b) k p = 0.84 (R 1 = 4.2 k). (c) k p = 1.3 (R 1 = 6.5 k). (d) k p =
2.0 (R 1 = 10 k).

converter is between 0.2 and 0.6. In the experiment, the ramp
peak-to-peak amplitude ΔV is 1.7/3 ≈ 0.567 V, which is generated with 13 of the oscillator peak-to-peak amplitude 1.7 V
[29]. The ramp slope Me is ΔV /Ts = 0.567 × 100 × 103 . The
control IC is CS3842. S is IRF 840 and D1 is DSEI12-06A.
Here, we use pure-white LEDs, Z-POWER w42182, which
has a typical current of 350 mA. This LED forward voltage
varies from 3.0 to 4.0 V, for a nominal of 3.25 V [2]. The
output voltage is approximately (3.25 V × 5 LEDs in series)
1
1
0.567×100×10 3
1.5
e
16.25 V. Sr i is (V o M
R s /L ) k n i = {16.25×1/(430×10 −6 )} k n i = k n i
1.5D
for Rs = 1Ω, and Sr is 1−D . Setting kn i = 0.2, Sr i is 7.5. From

k
2D
(16), k npi is (1 − 2D) + 2(1 − D)(Sr i 1−D
− D) = 4.0 for
the maximum D = 0.6. The designed kp is selected to be 0.84,
which is slightly greater than 0.8 for kn i = 0.2. The integral
gain is ki = kn i /Ts = 0.2 × 100 × 103 = 20 000. The PI gains
are distributed throughout the feedback path between the current sense and the comparator input. The gain of LM324 is
1.2k +7.4k
= 7.16. The function of LM 324 is converting the
1.2k
sensed Rs i to the internal reference voltage of the error amplifier. The average value of the output voltage of LM 324 is
equal to the reference voltage of the error amplifier input, which
is 2.5 V in the datasheet [29]. From the datasheet, the internal gain between COMP and the comparator input is 13 . The
R 1
overall proportional gain kp and integral gain ki are 7.16
3 × R

Fig. 11. Start-up transient responses with increasing the input voltage (V o ≈ 16.25 V, k p = 0.84, k n i = 0.2). (a) V i = 30 V (S r ≈ 1.77).
(b) V i = 50 V (S r ≈ 0.72) (c) V i = 60 V (S r ≈ 0.56) (d) V i = 70 V
(S r ≈ 0.45).

1
and 7.16
3 × R 2 C 1 , respectively. For the designed integral gain
ki = 20 000, the values of R2 and C1 are chosen to be 12 k
and 0.01 μF. For the designed proportional gain kp = 0.84, the
value of R1 is chosen to be 4.2 k.
With five LEDs connected in series, which provides a typical
loading voltage of approximately (3.25 V × 5 LEDs in series)

16.25 V, the LED currents are measured for start-up transience
with increasing P gain as shown in Fig. 9. As the P gain increases from kp = 0.1 to kp = 1.3, the transient response of
the LED current changes from underdamped to overdamped response, and then, to a slower and poor transient response due to

2
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Fig. 13. Steady-state waveforms with increasing the input voltage (V o ≈
16.25 V, k p = 0.84, k n i = 0.2). (a) V i = 27 V . (b) V i = 70 V.

Fig. 12. Start-up transient responses with increasing integral gain k n i (V i =
40 V, V o ≈ 16.25 V, k p = 0.84, R 1 = 4.2 k, R 2 = 12 k). (a) k n i =
0.02 (C 1 = 0.1 uf ). (b) k n i = 0.1 (C 1 = 20 nf ). (c) k n i = 0.29 (C 1 =
6.8 nf ). (d) k n i = 0.38 (C 1 = 5.3 nf ).

the slower error amplifier state for kp = 2.0. This experimental
response shows a good agreement with the prediction of the
root-locus analysis.
Fig. 10 shows the measured COMP, which is the PI error
amplifier output, and i. The output load is changed between
three and five LEDs in series by the control input Vcont , which
results in the step change of the output voltage, approximately
between 9.75 and 16.25 V. From this figure, it can be said that
the system response is good for a value of kp between 0.84
and 1.3, which is slightly greater than 0.8 for the critically

damped response at the maximum D = 0.6. When the input
voltage varies from 30 to 70 V, the start-up transient responses
for kp = 0.84 and kn i = 0.2 are shown in Fig. 11. The ONtime current-sense slope changes according to the input voltage
variation, which results in the variation of Sr . In this experiment,
1.5
Sr is 1.5D
1−D ≈ V i /16.25−1 . The designed PI gains can provide the
system with good start-up responses for the wide range of input
voltage.
Start-up transient responses for the increase of integral gain
kn i are shown in Fig. 12. Increasing kn i from 0.02 to 0.38,
the system changes from overdamped to critically damped, and
then, to underdamped. These results show a good agreement
with the prediction of the root-locus analysis in Fig. 5.
Fig. 13 shows steady-state waveforms with increasing the
input voltage. This experimental result shows that the average
LED current of the duty-cycle-controlled buck converter does
not vary for a wide range of input voltage.
V. CONCLUSION
A discrete time-domain modeling and analysis for the dutycycle-controlled buck LED driver has been presented. The
discrete time-domain equation that represents the static and
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dynamic behavior of the buck converter is derived and linearized
about the equilibrium state of the buck converter. Also the duty
cycle control law is linearized about the equilibrium state. The
linearized buck converter and the linearized duty cycle control law are then combined to arrive at a linearized duty-cyclecontrolled LED driver.
The PI compensator is used as an example of the error amplifier. Increasing P gain from zero, the transient response of
the inductor current state changes from underdamped to overdamped, and then, to underdamped with natural resonant frequency equal to half of the switching frequency. The duty-cyclecontrolled buck LED driver is always unstable for kp = 0. The
stable integral gain range is very wide for a given P gain. In
practical design, it is desirable that the transient response of the
inductor current should be critically damped or slightly overdamped to avoid an oscillatory LED current. Based on this
concept, the PI gains can be determined at the maximum D
in the range of operating region. Therefore, for a good transient response, the P gain
 kp slightly greater than or equal

2D m a x
− Dm ax )}
to kn i {(1 − 2Dm ax ) + 2(1 − Dm ax )(Sr i 1−D
m ax
can be selected. Selecting the PI gains of the error amplifier according to this practical design equation is very easy and useful
for the design engineer. Experimental results are presented to
confirm the validity of the proposed PI compensator design.
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